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Abstract

The condition of normality is required for Standard statistical
procedures. the results of these methods will be in. improper
when the normality in not satisfied. There for, the normality
assumption is required before proceeding most statistical
analysis. There are many tests available to assess the assumption
of normality, these tests do not have the same nature and power
to diagnose the departures of data from normality, there for the
choice of appropriate test always remain an important key in the
assessment of normality

In this article and due to the importance of this subject and wide
spread development of normality tests, a comprehensive Power
comparison study of existing and new developed tests for
normality is proposed. This study addresses the performance of
36 normality tests, for various sample sizes, considering several
significance levels and for a number of symmetric and
asymmetric distributions. General results for normality testing
from this study are discussed according to the nature of
alternative distribution.
Keywords: Tests for normality; Monte Carlo simulation; Power
comparison; normal distribution.
1.Introduction

There is many of statistical models and procedures that depend
on the validity of a given data hypothesis, being the normality of
the data assumption one of the most commonly found in statistical
studies. Statistical procedure like standard errors and
consequently, the test statistics computed from such standard
errors in parametric statistics such as the t-test, tests for regression
coefficients, analysis of variance, and the F-test of homogeneity
of variance include the tests that have as an underlying
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assumption, the distribution of the population from which the
sample data was generated to have be normal The normality tests
can, therefore, be seen to be of much importance since the
acceptance or rejection of the normality assumption of given data
set plays central role in numerous research fields. The problem of
testing normality has become very importance in both theoretical
and empirical research and has led to the development of a large
number of goodness-of-fit tests to detect departures from
normality. There is nearly 40 different normality tests have been
developed [1]. Given the importance of this subject and the
extensive development of normality tests over the years,
comprehensive characterizations and power comparisons of
normality tests have also been the focus of attention, thus helping
the analyst in the choice of best tests for this particular needs.
normality tests that have been developed are based on different
characteristics of the normal distribution, it can be seen from
these comparison studies that their power to detect departures
from normality can be significantly different depending on the
nature of the non-normality.

The easiest way for detecting normality using graphical
methods. The normal quantile-quantile plot (Q-Q plot) is the most
commonly used and effective diagnostic tool for checking
normality of the data [2]. There are other graphical methods that
can be used to assess the normality assumption include histogram,
box-plot and stem-and-leaf plot. Even though the graphical
methods can serve as a useful way in checking normality for
sample of n independent observations, they are still not sufficient
to provide conclusive evidence that the normal assumption holds.
Therefore, to support the graphical methods, more formal
methods which are the numerical methods and formal normality
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tests should be performed before making any conclusion about
the normality of the data.

Simulation study is presented herein to estimate the power of
36 tests aiming to assess the validity of the univariate normality
assumption of a data set. The selected normality tests include a
group of well-established normality tests and more recently
developed ones. Section 2 presents general description of the
normality tests and grouped in to four general categories, section
(2.1) tests based on empirical distribution function section (2.2)
tests based on moments section (2.3) tests based on regression
and correlation section (2.4) other tests for normality, while
Section3 discuses simulation study for power comparison of
normality tests by using Monte Carlo computations. The
simulation process was carried out using R programming. Section
5 presents the power results of the normality tests for the different
alternative distribution. Finally, conclusions and
recommendations resulting from the study are provided in
Section 6.
2. Tests for normality

The normality tests are considered in this study for testing the
composite null hypothesis for the case where both location and
scale parameters, p and o, respectively, are unknown. Normality
test formulations differ based on the different characteristics of
the normal distribution they focus.

In the this study, it is considered that x;, x,, ..., x,, represent a
random sample of size n; x(1), X2y, ..., X() represent the order

statistics of that sample; x,s?, the sample mean (X), variance
(s?) respectively given by
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= (-1 -0,

where the kth central moment y; is defined b

n
Ui = n‘lz(xi —x)?
i=1

2.1. Empirical Distribution Function Tests

The methodology of the Empirical Distribution Function
(EDF) tests in testing normality of data is to compare the
empirical distribution function which is estimated based on the
data with the cumulative distribution function (CDF) of normal
distribution to see if there is a good agreement between them.
2.1.1 The Kolmogorov-Smirnov modified by Lilliefors Test
Statistic

Lilliefors [3]. modified Kolmogorov’s test statistic used for
testing normality. The KS test is appropriate in a situation where
the parameters of the hypothesized distribution are completely
known. However, sometimes it is difficult to completely or
initially specify the parameters as the distribution is unknown. In
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this case, the parameters need to be estimated based on the sample
data. When the original KS statistic is used in such situation, the
results can be misleading where the probability of type | error
tend to be smaller than the ones given in the standard table of the
KS test Lilliefors [3]. The main variation with the KS test, the
parameters for LF test are estimated based on the sample.
Therefore, in this situation, the LF test will be preferred over the
KS test Oztuna [4].The test statistic is defined as:
K-S =max,|F* (X) — S,(X)|

Where(S,, (X)) is the sample cumulative distribution function and
(F = (X)) is the cumulative distribution function (CDF) of the null
distribution. Even though the LF statistic is the same as the KS
statistic, the table for the critical values is different which leads to
a different conclusion about the normality of a data Mendes &
Pala [5]. The normality hypothesis of the data is then rejected for
large values of K-S.
2.1.2 Anderson-Darling Test Statistic

Anderson-Darling (AD) test is a modification of the Cramer-
von Mises (CVM) test. It differs from the CVM test in such a way
that it gives more weight to the tails of the distribution [5].
Anderson and Darling [7] defined the statistic for this test as,

oo

AD = n [ R0 =P v (F @)
where F, (x) ia the empirical distribution function (EDP) ,F*(x)is
the cumulative distribution function of the standard normal
distribution and wy(x) is a weight function given by
w(x)=[F*(x) — (1 — F*(x))]™%. To make the computation of this
statistic easier, the following formula can be applied Anderson
and Darling [8],
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n

AD = —n —12(21 — D[(n(p;) +In(1 — (Pn+1-0)]

i=1

Where the p;values are given by ¢(z),z; = (x; — %)/s.This
study used the following modified AD statistic to increase its
power given by Stephens [9] which takes into accounts the

sample size n,

0.75 2.25
AD* = AD(1+—+ ——
n n
The normality hypothesis of the data is then rejected for large
values of the test statistic.
2.1.3 The Zhang-Wu Test Statistic
Zhang and Wu [10] introduced a new class of EDF test

statistics Z. and Z, of the general form
(" Fr(x)
Z = f_oo Zn{Fn(x) In (F & )>
(1- Fo(x )) }
+ (1- Fo(x))In I dw(x)
Where F,(x) is a hypothetical distribution functlon completely
specified and w(x) is a weight function. If dw(x) is considered to

be [1/F,(x)]. [1/(1- F,(x))]dF,(x) and F,(x)is @ (X) , the test
statistic is obtained by

N (1/®(zq) — 1
Zc = Z lln (n—05) /(i— 0.75) — 1]

In the case where dw(x) is considered to be [1/F,(x)]. [1/(1-
F,(x))]dF,(x) the test statistic ZA is the obtained by

z l In CD(Z(o) In[1 — @(zg)]

n—1+05 i—0.5

2
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For both tests, the normality hypothesis of the data is rejected for
large values of the test statistic.
2.1.4 The Glen-Leemis—Barr test Statistic

Glen, Leemis and Barr [42] suggested a test statistic based on
the quintiles of the order statistics. This test statistic included in
this category because of the relation between the order statistics
and the EDF. The Glen—Leemis—Barr test statistic P is given by

n

1
Pg=-n-— EZ[(Zn +1-2)In(pw)

=1
+Qi—-1DIn(1-py)]

where p(;, are the elements of the vector p containing the
quintiles of the order statistics sorted in ascending order. The
elements of p can be obtained by defining vector u with elements
sorted in ascending order and given byu; = @ (z) [11].
Considering that u,, u,, . . ., u, represent the order statistics of a
sample taken from a uniform distribution U(0;1), their quantiles,
which correspond to the elements of p, can be determined
knowing that u; follows a Beta distribution B(i;n — i + 1). The
normality hypothesis of the data is rejected for large values of the
test statistic.
2.2. Tests using moments

Karl Pearson is credited with having been the first to recognize
that deviations in distribution from the normal could, for the most
part, be characterized by differences in the third and fourth
standardized moments. It follows naturally that formal testing for
normality could be accomplished by evaluating sample moments
and comparing them to theoretical moments. This required
knowledge of the distribution of the sample moments under
normality Thode, [12].
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2.2.1 D’Agostino-Pearson Test Statistic
D’Agostino and Pearson [13] suggested test statistic by
combines normalizing transformations of skewness and kurtosis,

Z(\/by)and Z(b,). The test statistics is given by

K? = [2(/BD] +I2(B. )]
where the transformed skewness Z(,/B; ) is obtained by

2(f) = e )

ln(w ! (1)
where
(n+1)(n+3) _ —
Y=, sn2) cw? 1+.26 -1,
_3(n%427n-70)(n+1)(n+3) | 2
T m=2)(m+5)(M+7)(M+9) ' A (w2-1)

and the transformed kurtosis Z(3, )is obtained by

72(B,) = (1_1)_3 1-2/A %
’ W 1+y2/B-D)| 2

_6(n*=5n+2) |6(n+3)(n+5)
" (m+7DMm+9) |n((n—-2)n-3)

and
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_ B—3(n—-1)/(n+1)
- 24n(n—2)(n—3)/[(n + 12(m +3)(n + 5)]

y

The test statistic follows approximately a chi-square distribution
with 2 degree of freedom when a population in normally
distributed [14]. The normality hypothesis of the data is rejected
for large values of the test statistic.
2.2.2 Jarque-Bera Test Statistic

In the field of economics, the Jarque—Bera test is a popular
goodness-of-fit test. It has been first proposed by Bowman and
Shenton [14] but is mostly known from the proposal of Jarque
and Bera [15]. The Lagrange multiplier procedure on the Pearson
family of distributions is used to obtain tests for normality. The
test statistic is given as:

By (B—3)?
]B = n [Z + —24 l

The JB statistic is asymptotically chi-squared distributed with two
degrees of freedom [14]. The normality hypothesis of the data is
rejected for large values of the test statistic
2.2.3 The Doornik—Hansen Test Statistic

In order to increase its efficiency various modifications of the
Jarque—Bera test have been proposed over the years. A known
formulation is that of Doornik and Hansen [16], which suggests
the use of the transformed skewness according to Equation (1)
and the use of a transformed kurtosis according to the proposal in
[17]. The statistic of the Doornik—Hansen test DH is thus given

by
2
DH = [2(/By)] + (2]
in which the transformed kurtosisZ, is obtained by
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1

7, = (%) _1 +% (9a)z

With & and a obtained by

k= (n+5)(n+7)(n3+37n% + 11n — 313)
T 12(n=-3)(n+ D2+ 15n—4) '

and

a

_ (n+5)(n+7)[n* +27n —70] + by (n — 7)(n® + 2n — 5)
B 6(n—3)(n+1)(n? + 15n — 4)
According to [16] DH is also approximately chi-squared
distributed with two degrees of freedom. and the normality
hypothesis of the data is rejected for large values of the test
statistic.
2.2.4 The Gel-Gastwirth robust Jarque—-Bera Test Statistic

Gel and Gastwirth [18] suggested a robust version of the
Jarque—Bera test. Since the sample moments are, among other
things, known to be sensitive to outliers, Gel and Gastwirth have
proposed a modification of JB that uses a robust estimate of the
dispersion in the skewness and kurtosis. definitions. The selected
robust dispersion measure is the average absolute deviation from
the median and leads to the following statistic of the robust
Jarque—Bera test RJB given by

2
n (s n(u4 )2
RIB===) +—=(=-3
! 6(1‘3) 64\

n
with J,, obtained by

Scientific Journal for Economic& Commerce 509



Normality tests Procedure  Abd-Elwahab Hagag  Accepted Date 23/ 11 /2021
n
i=1
In which M is the sample median. The normality hypothesis of
the data is rejected for large values of the test statistic and,
according to Gel and Gastwirth [18], RJB asymptotically follows
the chi-square distribution with two degrees of freedom.
2.2.5 The Hosking L-moments Based Test Statistic
Hosking [19] suggested the use of linear combinations of the
order statistics instead of central moments, termed L-moments,
which are less affected by sample variability and, therefore, are
more powerful to outliers and better for making inferences about
an underlying probability distribution. Hosking has shown that
the rth order sample L-moment can be estimated by

r—1
—_ *
Ir - Z pr—l,k'bk )
K=0

where p;_, ;. and by, are obtained by

piow = 0 ()T

e (=DE=2) .. (= k)
be =1 1i=1 CEN R T A

Hosking [19] defined a new measures of skewness and
kurtosis, termed L-skewness tzand L-kurtosis t,, based on the
second, third and fourth sample L-moments, which have
similarities with the corresponding central moments. The new
measures of skewness and kurtosis according to Hosking [19]
defined as

Jn=
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—la

Iz
The value of T3 is bounded between —1 and 1 for all distributions
and is close to zero for the normal distribution, while the value of
T, 1s < 1 for all distributions and is close to 0.1226 for the normal
distribution and Hosking [19] has suggested that normality could
be tested based on 13 and 14 according to the following statistic

T3 = Uy, Ta—He,
Timom = Var(ts)  Var(ty) &)

where p., and p., are the mean of tzand 14, and Var(t;) and
Var(t,) are their correspondingvariances. The values ofp,, p,,

Var(tz3) and Var(t,) can be obtained by simulation.
Nonetheless, i, and p., are expected to be close to 0 and 0.1226
respectively. Hosking [19] provides an approximation
for Var(t3). The normalityhypothesis of the data is rejected for
large values of Ty ,om, Which is also approximately chi-
squareddistributed with two degrees of freedom according to
[20].

Ty

2.2.6 The Hosking test based on trimmed L-moments Test
Statistic

Although L-moments show some robustness towards outliers
in the data, as previously referred, they may still be affected by
extreme observations Elamir and Seheult [21]. A robust
generalization of the sample L-moments has therefore, been
formulated by Elamir and Seheult [21].and that leading to the
development of trimmed L-moments. The suggested formulation
for the trimmed L-moments allows for both symmetric and
asymmetric trimming of the smallest and largest sample
observations.
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Considering an integer symmetric trimming level t ,Elamir

and Seheult [21]. have shown that the rth order sample trimmed

L-moment I”can be estimated by

lﬁt) :1 nz_t { [( Dk(r 1)(T+t 1-k (t+k)]

r (i
i=t+1 r+2t

Elamir and Seheult [21] also define new measures of skewness
and kurtosis Based on the second, third and fourth sample

trimmed L-moments termed TL-skewness r(t) and TL-

kurtosis r , given by

®

T(t) _ Lk
3 l(t) !

2

and

t

Lo L

4 @
2

Based on these new measures and similar to the statistic given
by Eq (2), the following statistic is considered,

t t t t
7O  _ 73(,) - #gg) Ti) - ll%)
mom =y (2®) var()

®

where, for a selected trimming level t ,u 9 and {4z, are the mean

of t”and 7"and Var( ())and Var( ())are their

corresponding variances. As for the previous test, the values of
® ® () ()

Pe, s My, Var( T and Var can be obtained by

simulation. In this study three versions of this test are considered,
which correspond to symmetric trimming levels of 1, 2 and 3. For
each test, the normality hypothesis of the data is rejected for large

values of the statistic TL(;zom :
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2.2.7 Bontemps-Meddahi Tests Statistics

Bontemps and Meddahi [22] have suggested a family of
normality tests based on moment conditions known as Stein
equations and their relation with Hermit polynomials. By using
the generalized method of moments approach associated with
Hermite polynomials the test statistics are developed, which leads
to test statistics that are robust against parameter uncertainty. The
general model of the test family is thus given by

14 1 n 2
BM;_, = ) {—Z Hk(zi)} ,
’ k=3 vn i=1
where z= (x; — X)/s and Hy(.)represents the kth order
normalized Hermite polynomial. The general expression given by
Vi 1, B =2l Hioa ) = V= THG0] o)
=1, Hi(wW=u (3)

Different tests can be obtained by assigning different values of p,
which represents the maximum order of the considered
normalized Hermite polynomials in the expression above. In this
study two different tests are considered in this work with p = 4
and p = 6 ; these tests are termed BM5_, and BM5_ respectively.
According to Bontemps and Meddahi [22]; the general BM;_,
family of tests asymptotically follows the chi-square distribution
with p— 2 degree of freedom and the hypothesis of normality is
rejected for large values of the test statistic.
2.2.8 The Brys—Hubert-Struyf MC-LR Test Statistic

Brys, Hubert and Struyf [23] have suggested a test statistic
based on robust measures of skewness and tail weight. The robust
measure of skewness is the medcouple MC [24,25] defined as
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MC = med h(X(i),X(j)

X(@)SMF=X(j)
Where med stands for the median, m is the sample median and
the kernel function h is given by

(xa) - mf) - (mf - x(]-))

h(x@y, %) =

@ ~ X
For the case wherex;y = x(j)= my, his then set by
1 i>j
h(xapxp) =1 0 i=]
-1 i<j

The left medcouple (LMC) and the right medcouple (RMC) are
the considered robust measures of left and right tail weight [26],
respectively, and are defined by

LMC = —MC(x < my) and RMC = MC(x > m),
The test statistic Ty;-_.z is then defined by

Tyc—1r = n(w — )LV (w — ®)

inwhich w is setas [MC,LMC,RMC]" ,and w and V are obtained
based on the influence function of the estimators in w [25,26]. For
the case of a normal distribution, w and V are defined as [23]

1.25 0.323 —0.323
w = [0,0.199,0.199]* ; V = | 0.323 2.62 —0.0123
—0.323 -0.0123 2.62
According to Brys, Hubert and Struyf [23], it is suggested that

Tyc—1r approximately follows the chi-square distribution with
three degrees of freedom and the normality hypothesis of the data
is rejected for large values of test statistic.

2.2.9 Bonett-Seier Test Statistic
Bonett and Seier [27] have introduced a modified measure of
kurtosis for testing normality, which is based on a modification
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of aproposal by Geary [28]. The test statistic of the new kurtosis
measure T, is thus given by:

Vn+2. (€ -3)
W 3.54

where

€=13.29[In\/B; — In(n™ ' T, |x; — %])]

The normality hypothesis is rejected for both small and large
values of T,using a two sided test [27], it is suggested that
T,, approximately follows a standard normal distribution.

2.2.10 The Cabafa-Cabafa Test Statistic

Cabafia and Cabafia [29] have suggested four families of
normality tests based on transformed empirical processes. Two
tests families are of the Kolmogorov—Smirnov type while the
other two are of the Cramér—von Mises type. One family of each
type of test focuses on changes on skewness and the other one is
sensitive to changes in kurtosis. According to Cabafia and Cabaria
[29], the power of the Kolmogorov—-Smirnov type tests is seen to
be very similar to that of the Cramér-von Mises type tests.
Therefore, only the Kolmogorov-Smirnov type tests were
selected in this study, as their implementation complexity is
relatively lower than that of the Cramér—von Mises type tests.

Based on the definition of approximate transformed estimated
empirical processes (ATEEP) sensitive to changes in skewness or
kurtosis the test statistics introduced The proposed ATEEP
sensitive to changes in skewness is defined as:

— l 1 —
w5109 = () H; = 9() . ) —Hy 1) Fyu
=t
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where [ is a dimensionality parameter, ¢(x) is the probability
density function of the standard normal distribution, Hj (-)
represents the jth order normalized Hermite polynomial given by

Equation (3) and ﬁj is the jth order normalized mean of the
Hermite polynomial defined as

n
— 1
H; = —Z Hj(x;
J \/ﬁ £ ]( l)
The proposed ATEEP sensitive to changes in kurtosis is defined
as:

e () = ~(x) Hy + [$(0) — x.0 ()] Hy
! ;
~0. ) | [T H® B | B
j=2

According to Cabafia and Cabafia [29], the dimensionality
parameter [ ensures that the test is consistent against alternative
distributions differing from the normal distribution having the
same mean and variance in at least one moment of order not
greater than [ + 3. The Kolmogorov—Smirnov type test statistics
sensitive to changes in skewness and in kurtosis, Tsg;and Tkg;
respectively, are defined as

Tseq = max|wgsg (x)| and  Tig = max|wyg; (x)|.
According to Cabafia and Cabafia [29], For both cases, the
normality hypothesis of the data is rejected for large values of the
test statistic.

2.2.11 Desgagn_e-Lafaye-de-Micheaux omnibus and
directional Test Statistic
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Desgagné and Lafaye de Micheaux [30] introduced two types
of test statistics. The. The first test is based on 2nd-power
skewness and kurtosis, which are interesting alternatives to the
classical Pearson’s skewness and kurtosis, called 3rd-power
skewness and 4th-power kurtosis. This test is based on the
dependency between B, and K, in small samples, because the
x2distribution results from sum of squares of two independent
standard normal. The proposed statistic to test the composite
hypothesis of normality, for finite sample sizes n > 10, is
denoted by Z,p, and given by

Zypp = Z*(By) + Z2(K, — B,?),
n'/2B,
(3-8/7m(1-1.9/n)]1/2 '

where Z(B;) = [
Z(KZ - Bzz)
2 [((k, - B,2)Y?) — (2~ log2 = /2)" (1 - 1.026/m)]

[72‘1((2 —log2 — 7/)/2)_4/3 (3722 —-28)(1 - 2-25/71'8)]1/2

1 n
B, = —Z Z? sign(Zy),
n i=1
Ky = =3, Z¢ log|Zy], (@)
and y=—¥1) = 0.577215665 (5)

The null hypothesis is rejected if X,pp is larger than the chi-
squared quantile x3 , at a significance level of o.

Second test introduced by Desgagné and Lafaye de Micheaux
[30] when it is known that the distribution of the random variable
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is symmetric by using a directional test and thus increasing the
power. Consider a directional test based on sample 2nd-power
kurtosis. To test the composite hypothesis of normality, for finite
sample sizesn > 10, is denoted by zgpp and given by

an _ _ _)—0.06 _
an 0.06

~ 2 . 1/2
[(2 log2-7) 2212(37f2 28) (3.78/110'733)]

where K, and yis given in equation (4), (5) and

Zgpp =

a, = —0.06 + 2.1/n%¢7
The directional test follows a normal distribution with N( 0,1)
(Desgagné and Lafaye de Micheaux [30] .The null hypothesis is
rejected if |Zgpp | is larger than the normal quintile Z, /,, at a

significance level of a.

2.3 Tests based on Regression and correlation

. Regression or correlation tests are based on measures of
linear correlation in probability plots. In contrast to probability
plots, regression tests are formal procedures which can be used to
objectively assess normality. However, the features of a set of
data which cause the non-normality cannot be determined solely
on the basis of the test. It is therefore recommended that a test for
normality, be it regression test or other type of test, be done in
conjunction with a raw data plot and a probability plot.

2.3.1 Shapiro-Wilk Test Statistic
Shapiro and Wilk [31] test was originally restricted for sample
size of less than 50. This test was the first test that was able to
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detect departures from normality due to either skewness or
kurtosis, or both Althouse [32].
If a set of observations x; come from a normal distribution, then
on a normal probability plot

X; = U+ o0z;
If we denote the expected value of the ith order statistic by E( x;))
= w; and V is the covariance matrix of the order statistics |,
X(1), X(2), -» X(n(> then the best linear unbiased estimate of o is
obtained from the generalized least squares regression of the
sample order statistics on their expected values, which is (up to a
constant)

b=ax
The original Shapiro-Wilk test statistic [31] is defined as,

_ Ko? (X aix(i))z
(n—1)s2 g — %)%’

wherex ;is the i*" order statistic, & is the sample mean,

w

m V1!
a; = (MV-1V-1m)1/2

in which m and V are the mean vector and covariance matrix of
the order statistics of the standard normal distribution.

The value of W lies between zero and one. Small values of
W lead to the rejection of normality whereas a value of one
indicates normality of the data. SW test was modified by Royston
[33] to broaden the restriction of the sample size to 2000 and
algorithm AS181 was then provided [34]. Later, Royston [35]
observed that Shapiro-Wilk’s approximation for the weights a
used in the algorithms was in adequate forn > 50 . He then gave

Scientific Journal for Economic& Commerce 519



Normality tests Procedure ~ Abd-Elwahab Hagag  Accepted Date 23/ 11 /2021

an improved approximation to the weights and provided
algorithm AS R94 Royston [35] which can be used for any n in
the range 3 < n < 5000. This study used the algorithm AS
R94 Royston [35].

2.3.2 Shapiro-Francia Test Statistic

Since explicit values of m and V are not readily available and
the computation of V=1 is time consuming for large samples,
Shapiro and Francia [36] suggested an approximation to the
Shapiro-Wilk W-test. Let x; x5, x5 x,be a random sample to be
tested for departure from normality, ordered x(;) < x5y < -+ <
X(n), and let m' denote the vector of expected values of standard
normal order statistics. The test statistic is defined as:

(X, m; x;]?

[ mPE, (g — %)?]

The W' equals the product-moment correlation coefficient
between the x;and the m;, and therefore measures the
straightness of the normal probability plot x;; small values of W'
indicate non-normality.

Shapiro-Francia test is particularly useful than the Shapiro-Wilk
test especially for large samples where explicit values of m and V
utilized in the Shapiro-Wilk test are not readily available and the
computation of V=1 is time consuming. The normality hypothesis
of the data is rejected for small values of the test.

w' =

2.3.3 The Rahman-Govindarajulu modification of the
Shapiro-Wilk Test Statistic

Rahman and Govindarajulu [37] have proposed a
modification to the Shapiro—Wilk test, here on termed Wy;.
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According to these proposals, each element a;of the new vector
of weights becomes

a; =—(+ 1D+ 2)d(m;)[m;_1db(m;_1) — 2m;d(m;)
+ M1 d(Misq)]

where it is assumed that myb(mg) = my, . d(my, ;) = 0. with this
modification, the new test statistic Wy assigns larger weights to
the extreme order statistics than the original W test, which has
been seen to result in higher power against short tailed alternative
distributions Rahman and Govindarajulu [37].The normality
hypothesis of the data is rejected for small values of Wy.

2.3.4 The Filliben correlation Test Statistic

Filliben [38] described the probability plot correlation
coefficient r as a test for normality. The correlation coefficient is
defined between the sample order statistics and the estimated
median values of the theoretical order statistics.
Considering that m,m,, . . . ,m,represent the estimated median
values of the order statistics from a uniform distribution U(0;1),
each m; is obtained by

1 —0.05(*/n) i=1

(i-03172)
m; = -
‘ (n + 0.365) bsn
0.05(*/n) i=n

Upon which the estimated median values of the theoretical order
statistics can be obtained using the transformation M =

®~*(my;)) The correlation coefficient r is then defined as
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Yi=1 %) M

’Z?le(i)z 1/ (Tl — 1) .S2 .

Leading to the rejection of the normality hypothesis of the data
for small values of r.

T =

2.3.5 The Chen-Shapiro Test Statistic
Chen and Shapiro [39] introduced an alternative test statistic
CS based on normalized spacings and defined as

n=1
1 X(i+1) ~ *@
(n—1) s & My — Mgy
in which M(;)is the ith quintile of a standard normal distribution
obtained by

CS=

My = o7 |(F7 03757, 1 g 55)]
Because of a close relation between CS and the Shapiro—Wilk test

their performance is expected to be similar also. The normality
hypothesis of the data is rejected for small values of CS.

2.3.6 The D’Agostino Test Statistic

D’ Agostino [40] proposed the D test statistic as an extension
of the Shapiro—Wilk test. The D’ Agostino proposal eliminates the
need to define the vector of weights a of the Shapiro-Wilk test
statistic and is obtained by

iz — (+1)/2).x
n2..\/u,

The normality hypothesis of the data is rejected for both small
and large values of D using a two-sided test.

D =
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2.3.7 The Zhang Test Statistic

Zhang [41] introduced the Q test statistic based on the ratio of
two unbiased estimators of standard deviation, g, and g, the test
statistic given by

Q = In(q1/92)-

where

n

n
q1 = z aixqg o qz = z bix(i)
i=1

=1
and the ith order linear coefficients a; and b; result from
a; =[(w;—u)(n—-D] L fori#1;a;,= X, q
b;

— { _bn—i+1 = [(ul - ui+4)(n' - 4)]_1 = 1525 -54'

m—4)" 1 [(u—ujp) ' — Uy —up) ] i=5,...,n—4
where the ith expected value of the order statistics of a standard
normal distribution, w; , is defined by

— o-1|(i—0.375
M = o7 |(¢ /n+025)]
According to Zhang [41] Q is less powerful against negatively

skewed distributions. Therefore, Zhang has also proposed the
alternative statistic Q* by switching the ith order statistics x;) in

q, and g by
X(i) = ~X(n-i+1)
Based on the definition of both Q andQ , the normality hypothesis
of the data is rejected for both small and large values of the
statistic using a two-sided test.
In addition to these two tests, Zhang [41] has also proposed a
joint test Q — Qx, stemming from the fact that Q and Q= are
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approximately independent. Therefore, for the case of the joint
test Q—Qx, the normality hypothesis of the data is rejected at the
significance level a when rejections obtained for either one of the
two individual tests for a significance level of /2.

According to Zhang [41], both Q and Q= approximately follow
a normal distribution. However, Hwangand Wei [42] have proven
otherwise and stated that the performance of these tests is better
when based on their empirical distribution. Since the joint test has
shown to be more powerful than the individual tests Hwangand
Wei [42], the joint test Q—Q= is the primary choice for the current
study. Nonetheless, the Q test is also included for comparison
purposes.

2.3.8 The del Barrio-Cuesta-Albertos-Matran-Rodriguez-
Rodriguez quantile correlation Test Statistic

A novel approach for normality testing, based on the L2-
Wasserstein distance, has been proposed by del Barrio,
Cuesta- Albertos, Matranand Rodriguez-Rodriguez [43] The
BCMR test statistics is defined by

2

s -
m, — [Z?=1x(i)-f(i—n1)/nq) H()dt
2%
where, according to del Barrio, Cuesta- Albertos, Matranand
Rodriguez- Rodriguez [43], the numerator represents the
squared L,-Wasserstein distance. The normality hypothesis

of the data is rejected for large values of the test statistic.
2.3.9 The B2 Coin Test Statistic

BCMR =
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Coin [44] has proposed a normality test based on a
polynomial regression focused on detecting symmetric non-
normal alternative distributions. According to Coin [44], the
analysis of standard normal Q-Q plots of different
symmetric non-normal distributions suggests that fitting
model of the type

Z; = Pr.a; + Bs.af

where ; and S5 are fitting parameters and «; represent the
expected values of standard normal order statistics, leads to
values S5 different from zero when in presence of symmetric
non-normal distributions. Therefore, Coin (2008) suggests
the use of B2 as a statistic for testing normality thus rejecting
the normality hypothesis of the data for large values of g2 .
As suggested by Coin [44], the values of «; are obtained
using the approximations provided by Royston [45].

2.4. Other tests

There is other tests for normality which not based on
EDF tests or kurtosis , skewness tests or correlation and
regretion tests.

24.1 The Epps—Pulley Test Statistic

Epps and Pulley [45] have proposed a test statistic TEP
based on the following weighted integral

Tgp = f b (©) — Bo(O2dG (0,
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where ¢,, (t) is the empirical characteristic function given by

n

b, (t) = n—1z o ~itX;

j=1

and ¢,(t) is the sample estimate of the characteristic
function of the normal distribution given by

$0 (t) — e—iti—O.sztZ

and G(t) is an adequate function chosen according to several
considerations Epps and Pulley [44]. By setting d G(t) =
g(t)dt and selecting

g(t) — /MZ/ZTE .e(—O.S,uZtZ)’

the following statistic can be obtained as

k-1

n
z e (x] xk) /Q2uz)

k=2 j=1

n
Tep=1+—+
o V3

S

—V2 e(—(xj—f)z)/ (4u2)

s

=1

~

for which the normality hypothesis of the data is rejected
when large values of T, are obtained. To simplify the use
of this test by eliminating the need for tables of percentage
points of Tzp,an approximation to the limit distribution of
Txp has been presented by Henze [46].

2.4.2 The Martinez—lglewicz Test Statistic
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Martinez and Iglewicz [48]. have proposed a normality

test based on the ratio of two estimators of variance, where
one of the estimators is the robust biweight scale estimator
Si
~\4
_ nZglaln —M?(1- 22)
- - - 2
[Z|z}|<1(1 - z7)(1- 5Zi2)]

where M is the sample median, Z;= (x;,~M)/(9A), with A

Sh

being the median of |x; M|, and when|Z;|> 1, Z; is set to 0.
The Martinez—Iglewicz test statistic then is given by

n 2

i=1(x; — M)

(n—1).52

for which the normality hypothesis of the data is rejected for

L, =

large values of I,,.
2.4.3 Gel-Miao-Gastwirth Test Statistic

Gel, Miao and Gastwirth. [49]. have proposed a directed
normality test, which focuses on detecting heavier tails and
outliers of symmetric distributions. The test is based on the
ratio of the standard deviation and the robust measure of
dispersion j,, as defined in the expression

e
7:1 Xiqlx; — M|

i=1

Jn =

Scientific Journal for Economic& Commerce 527



Normality tests Procedure ~ Abd-Elwahab Hagag  Accepted Date 23/ 11 /2021

where M is the sample median. The test statistic is thus given

by

R51=.i

n

and should tend to one under a normal distribution. The
normality hypothesis is rejected for large values of the Rg;,

and the statistic \/n_(st — 1) is asymptotically normally
distributed [49]. However, it has been empirically found that
rejecting the normality hypothesis using a two-sided test
extends the range of application of this test, namely to light
tailed distributions, without a significant reduction of its
power towards heavy-tailed distributions. Given its
enhanced behavior, the two-sided test is the primary choice
for the current study. Nonetheless, a detailed power
comparison of the two-sided test with the one-sided test,
hereon termed Ry, is also presented.

2.4.4 Spiegelhalter Test Statistic

Using the logic that the combination of a good test for
short tails and good test for long tails would result in a good
test for an unspecified symmetric alternative, Spiegelhalter
[50]. used a combination of the most powerful location and
scale invariant (MPLSI) tests to obtain a test that would be
useful under more general conditions. He defined a test
statistic against symmetric alternatives as

_ Qi+ 1)
S ATV )
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where Z = (le — Tl)_l(X(n) - X(l))_n+1 ;

p = lyCon)Ba] ™,
And x,, is the sample median,

n
r(@) = -4l
i=1

and for n odd,
-1
B = Z )’n_l(xm)]/_n+1(x(i)) n-t
" Qi —n)(n+ 2 —2i)

for n even

5 - |~ D&y ~ *ay)

+ 0.5
" 2y (xm)

-1

n—-1
4 z Y ey T (X 0)
Zi—n)(n+2-2i0)

i#nq,n5

I = (/255 (5 - D - 9?)2]_§+%,

Due to the complexity of calculatingA , however,
Spiegelhalter [50]. examined a simplified approximation of
Ts substituting Geary's test for that component,

Ts\ — [(Cnv)_n+1 + a(l)_n+1]1/”_1

Scientific Journal for Economic& Commerce 529



Normality tests Procedure ~ Abd-Elwahab Hagag  Accepted Date 23/ 11 /2021

where

1
(nDn~!
Cn = 2n
Xn — X
v= :
s

a(1) =y (x)/ nS

and the Geary's test statistic a is the ratio of the mean
deviation to standard deviation, given by

n
o= =11 T
i=1

The normality hypothesis of the data is rejected for large
values of the test statistic.
3 Comparative study

The first part of the simulation study involved the
generation of 10000 random samples from the standard
normal distribution for the different sample sizes. Each
sample generated was then tested for normality and the type
| error rate, that is the rate of rejection of the hypothesis of
normality of the data, was then recorded at specified
significance level (a = .05,0.1).Two levels of the
significance were considered to investigate the effect of the
significance level on the power of the test. The probability
of this type I error rate of the test should be bounded upwards
by the chosen level of significance; otherwise the test cannot
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be used for the given purpose. On the other hand, a test with
type | error rate far smaller or greater than the chosen o is
an indicative of a test with low and high power respectively.

In the second part of the simulation study, Monte Carlo
procedures were used to evaluate the power of data was
generated from several alternative non-normal distributions
as highlight in chapter 2.These include symmetric short and
long tailed distributions such as Laplace(3,1) , Uniform(0,1),
Beta(0.25,0.25) , Beta(1.5,1.5), Student-t(df=5) , Student-
t(df=8), Student- Cauchy(0,7) ; asymmetric short and long
tailed distributions such as Beta (3,1), xy2(df=5) , y?(df=15)
,  Gamma(3,4), Weibull(15,3) , Exponential(5)
lognormal(1,1) , Gumbel(0,1).These distributions were
selected to cover various standardized skweness /B, and
kurtosis 3, values.

The study is carried out for four sample sizes (n = 10, ,
n =20,, n =50, n =100 and) and considering significance
levels a of 0.10, 0.05.Although critical values or limiting
distributions of the tests statistics are available for some of
the tests considered herein, critical values for each sample
size under consideration were, nonetheless, derived
empirically for each test for the considered nominal
significance levels, before carrying out the power study.
These critical values were based on 1,0000 samples drawn
from the standard normal distribution. In addition to the
referred critical values, the values of p s, trs,Var(t3) and
Var(t4), for the Hosking L-moments based test, and the
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values of &, 1 var(t?") and Var(<{"”), for the Hosking

trimmed L-moments based test, were also determined for
each sample size by simulation from 10,000 samples drawn
from the standard normal distribution. For the latter test, the
parameters were obtained for each of the previously referred
trimming levels t of 1, 2 and 3. The values resulting from

this empirical evaluation the values of u; and of ,u%) for the
different trimming levels are very close to zero, and are

considered to be zero in the subsequent power study.
Table Al. Simulated power for symmetric distributions

Distributio Type of 0.=0.05 0.=0.1

TeSIS  thetest T Tl n=p0 n=50  n=100 n=10 n=20 n=50 n=100

Laplace K-S 1407 226 4231  70.07 2261 3301 5597  80.79
(3,1) AD* 16.44 272 5419 8243 2424 3796 6495  88.36
Z, EDFtests 1558 24.68 458 69.44 2179 3205 5401  76.66

Z, 17.12 2589  45.16 68.2 2573 3636 5715 7831

P 16.53 2747 5484  83.09 2451 3846 6532  88.67

K2 1896 291 497 71.62 2747 3963 60.63  81.39

JB 18.75 3082 56.11  80.28 2769 413 6594  85.85

DH 19.01 3205 5753  80.26 277 4158 6797  87.70

RJB 2083 3647 66.4 89.09 301 4771 7576 93.58

Tymom 2008 3296 61.80 86.8 27.75 4245 7077 91.48

T 1139 2016 4139  71.09 1802 2894 5214 7896

@ 6.67 13.38 2953  54.02 12.89 2092 39.16  63.88

TL(’g”)”’” 4.99 10.18  22.01 4154 9.810 16.81  31.37 51.91

Moment : ’ ’ ’ ) ' ’ )

BM,_, tests 1879 307 56.06  80.19 2783 4115 6588  85.84

BM;_g 19.05 3245 6053  83.96 2759 4098  69.76  90.06

Thic-Lr 477 562 6990  11.98 9370 1154 1456 21.1

T, 1356 2835 6351 9057 2050 3823 7199  94.39

Tyc-1r

—-T, 10.64 21.66 50.47  83.09 16.31 2915 59.06  87.66

Teas 1821 2712 4191  56.86 2684 3699 5345 6855

Tras 11.93 2917 605 85.04 15.83 3435  67.67 90.3

Zarp 16.92 3159 6137  86.85 259 4252 7073  91.63

Zepp 1475 2874 6146  89.12 2167 3817 7126  93.15

w R 15.71 2623 5251  79.32 2293 3542 6207  86.13

w and D 18.84 3173 5929  84.00 2668 4167  69.63 89.8

Wee tests 11.95 1555 2597  49.01 17.34 2155 3358  57.89
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D 1511 28.64 61.12 87.62 23.08 38.24 70.4 92.4

r 19.06 3244  60.27 84.73 27.1 42.43 70.44 90.29
cs 15.66  24.98 48.3 75.55 22.8 33.91 57.9 82.38
Q 1263 1836  27.63 37.06 19.45 26.52 37.24 46.59
Q—Qx 1286 1717  27.28 36.57 20.25 25.85 35.89 46.33
BCMR 16.73 27.89 54.44 80.51 24.39 37.72 64.05 87.15
2 16.52  30.25 61.7 86.21 23.67 38.84 69.67 90.87
Tgp 16.89 2599 51.23 78.74 24.84 36.62 62.61 86.52
I Other 19.25 3734 69.04 91.26 30.23 48.28 77.36 94.63
Ry; tests 20.71 3898 73.04 94.5 30.58 50.45 82.81 97.18
Tg 13.8 29.61 69.5 94.38 20.92 40.07 79.86 97.05

Table A2. Simulated power for symmetric distributions

Distriput Tests Type of 0.=0.05 a=0.1
ion thetest -39 n=p0 n=50 1n=100 n=10 n=20 n=50 n=100
Uniform K-S 5.87 1034 2459 581 1224 1975 4111 75.96
0,1) AD* 7.31 17.28 5592 949 1522 305 7234 98
7. tEeEs’t'; 891 2333 8314  99.96 1892 4223 9369 100
Z, 5 1379 7891  99.95 1169 2849  89.83 99.98
Ps 6.93 169 565 9522 1491 3009  72.63 98.06
K? 2.52 1468 77.96  99.67 819 2934 8832 99.91
JB 1.83 038 156  77.19 45 396 5213 98.31
DH 6.4 1052 47.07 95 1168 2055  69.12 98.94
RIB 1.6 024 001 1.21 374 0.93 0.14 74.18
Timom 5.7 20.12 7008  97.62 1437 3409 813 99.02
T 3.19 647 2524  59.26 788 1583 3905 7135
T 3.84 432 1157  28.99 924 1144 2224 41.98
3)
Timom Momen 5.69 437 7.76 16.61 1041 10.03  15.87 27.25
BM;,_, t 1.85 038 136  76.27 448 297  50.28 98.26
BM;_g tests 2.36 424 4547 9355 801 2221  76.45 98.98
Tc-1ir 1067 1419 1917  31.33 17.97 2311 2829 42.85
T, 1041 2619 621  94.05 1841 3792 7485 97.18
Tuc-1r
-T, 4.66 961 3735  80.69 1012 183 5231 88.25
Tegs 2.23 123 275 15.28 514 426 12.21 42.95
Tras 1403 2523 6833  98.07 2601 4481  87.46 99.66
Zapp 9.44 203 6267  96.31 159 3124  76.01 98.61
Zepp 122 3127 7136 98.78 19.9 4356  85.23 99.54
w 794 2037 7451 9957 1711 3677  87.83 99.96
w R 457 796 4584  96.17 104 1899  67.25 99.06
Wee and D 1345 389 9324 100 2403 5561  97.65 100
D tests 3.95 886 56.63 9561 824 1619  69.03 97.64
r 413 6.62 4126  94.84 957 1653  62.23 98.54

Scientific Journal for Economic& Commerce 533



Normality tests Procedure

Abd-Elwahab Hagag

Accepted Date 23/ 11 /2021

cs 8.1 2282 7979  99.85 1742 3938 90.82  99.99
Q 7.23 142 5527 9592 13.6 2625 71.64  98.68
Q—Qx 74 1456 56.09  95.93 1396 266 7058  98.68
BCMR 713 1667 68.04  99.23 1537 3274 841 99.9
2 873 3112 90.92  99.97 17.7  47.03 9614  99.99
Tep 5 1221 5338 9371 127 2856 7273  97.99
I, Other 2.39 0.44 0 0 47 0.94 0.01 0
Ry tests 15 0.16 0 0 3.1 0.47 0 0
Ty 1445 4105 9012  99.69 2332 537 9392  99.85
Table A3. Simulated power for symmetric distributions
- Type @ =0.05 a=0.1
D:ff.gﬁ Tests ofyt%e
test n =10 n=20 n=50 n=100 n=10 n=20 n =50 n =100
Beta K-S 39.05 7644  99.76 100 54.42 8749  99.97 100
(0.25,0. AD* 96.2
25) EDF 63.39 100 100 7715  98.55 100 100
Z, tests 7551  99.28 100 100 87.25 99.83 100 100
Z, 58.76 9828 100 100 77.04  99.56 100 100
P 62.33 9616 100 100 76.47  98.55 100 100
K2 21.19 81 9869 173 4227 924 98.69 17.3
JB 5.15 198 9861 100 1713 7511 100 100
DH 5758  90.48 100 100 68.16  95.8 100 100
RJB 5 134 018  99.97 842 311  69.37 100
Tymom 65.42  98.07 100 100 81.15  99.23 100 100
T 1658 7657  99.83 100 37.03 8676  99.93 100
@ 7147 449 9622  99.99 1573 6259  98.25 100
Timam Momen 833 2428 8542 996 1405 4213  91.84  99.81
BM,_, t 5.18 194 9811 100 13.74 645 100 100
BM;_g tests 11.37 7917 100 100 51.91 95.78 100 100
Thc-1r 6422  86.84 99.17  99.98 7209  91.07 9953  99.99
T, 415 8375 99.83 100 525 8918  99.93 100
Tyc-1r
—-T, 31.38 8542 99.96 100 4551 9097  99.98 100
Teas 7 642 4282  95.89 13.09 1941 7589  99.95
Thas 37.45 7574 98.96 100 57.03 86.01  99.61 100
Zapp 59.72 9278 100 100 69.98  96.35 100 100
Zepp 4701 8714  99.86 100 55.9  91.24  99.91 100
w R 7057 9865 100 100 84.06  99.67 100 100
w 53.46 9398 100 100 70.74  97.89 100 100
Wee Z"tr::tsD 8258  99.78 100 100 9057  99.92 100 100
D 9.6 6.66  5.36 5.96 16.88 1296  11.78  14.03
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r 5054  92.68 100 100 68.01  97.35 100 100
cs 7125 98.84 100 100 8434  99.73 100 100
Q 4776 7366  98.69 100 56.48 81.86  99.51 100
Q-Qx 4759 7381  99.03 100 57 82.01  99.49 100
BCMR 67.33  97.96 100 100 817 9951 100 100
2 55.09  94.95 100 100 66.96  96.9 100 100
Typ 36.65 8699 100 100 61.29  95.74 100 100
I, other 2045 998 127 0.07 2349 11.03  1.38 0.08
RTSJ- tests 495 117 003 0 742 184 0.05 0
* 7862  99.46 100 100 86.1  99.72 100 100
Table A4. Simulated power for symmetric distributions
Distrib Type of 0.=0.05 o =0.1
ution Tests the test — _ — — — — — —
n =10 n=20 n=50 n =100 n=10 n=20 n =50 n =100
Beta K-S 452 6.37 1151 2547 957 1326 21.73 419
(1. AD*
50,1.50 489 784 22338 5828 10.76 1632 3722  73.73
) EDF
Z. tests 541 833 38 8876 1219 2045 6106  96.81
Z, 3.55 471 312  89.09 825 1242 5076  95.69
P 4.68 759 2272 5922 1044 1613  37.49 74.1
K? 1.84 572 4218  89.19 585  13.99 5834 9553
B 1.61 038 011 2205 4.74 2.3 16.86 73.4
DH 4.09 371 1399  56.97 792 881 3061  79.95
RIB 1.57 041  0.02 0.02 400 122 0.14 25.00
Tymom 3.31 749 3219 7216 913 1647 4719  83.48
T 3.91 42 1011 2572 874 1064 1961 3832
@ 4.29 399 596  12.38 958 953 13.2 214
3
Timom Moment 4.82 414 481 8.22 9.63 9.51 11.32 15.5
BM,_, tests 1.63 0.38 0.1 21.22 475 204 1554 7284
BM;_g 2.04 173 1335 5244 6.38 1046  39.39  81.03
Tricorir 7.18 886 916  13.38 1358 1582  16.09 2151
T, 727 1529 3493 7114 13.99 2389  49.04 8131
Tyc-1r
-T, 4.27 573 1651  44.08 936 1204 279 58.73
Teas 1.99 079 097 3.66 525 341 4.71 15.53
Tigs 9.78 1255 35 76.86 19.19 2698 6127  93.93
Zapp 5.73 923 2916  70.12 10.78 1673 4417 8259
Zgpp 8.24 169 471 8507 147 2683 5994 9241
w 4.9 792 3005  80.23 1135 17.99  50.65  91.78
W' R 3.22 302 1132  53.03 744 841 2525  72.90
Wie atggtf 793 17.64 5991  96.83 1589 3135 7647  99.28
441 859 4494  89.14 8.66 1518  58.94 94.2
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r 3.1 2.63 9.17 47.29 6.99 7.28 21.55 67.7
cs 5.14 9.08 36.53 86.45 1146  19.84 56.75 94.77
Q 4.86 6.18 20.96 62.62 9.94 13.75 36.61 79.72
Q—Qx 4.46 6.57 21.88 62.84 9.71 13.66 36.21 79.79
BCMR 451 6.38 24.55 74.33 10.29  15.36 44.3 88.43
2 5.08 13.1 57.34 95.89 12.13 24.5 72.75 98.7
Tep 3.82 6.03 21.41 58.77 9.43 15.82 40.15 77.89
I Other 2.18 0.48 0 0 4.79 1.09 0.04 0
Rg; tests 1.66 0.48 0.02 0 391 1.22 0.05 0
Tg 8.32 17.64  46.44 73.5 1551  27.85 57.08 80.17

Table A5. Simulated power for symmetric distributions

- Type of o =0.05 a=0.1
DLsttlzg Tests tﬁ/eptest n
n =10 n=20 n=50 n =100 n =10 n =20 n =50 =100
Student K-S 936 1325 2052  32.82 15.71 36.3 30.64  44.44
-t (5) AD* 1113 1662 3009  47.88 17.78 2481 3982 57.82
Z, tEeEtz 1172 1886 3606  54.04 1726 2532 425 6048
Z, 12.48 1919 3356  49.63 19.38 27.39 4298  59.69
P 11.23 1681 3037  48.39 17.85  24.89  39.99  58.09
K2 13.64 2221 3935  57.43 2045 3029 4845  66.8
JB 1354 2297 4391 6445 2063 3135 5219 7128
DH 1291 2248 4341  63.69 19.62 3021 5222 7196
RJB 13.78 2408 4597  67.56 2117 3314 5507 7507
Tymom 1259 2026 3556  53.41 1941  27.82 4382 6257
T 6.72 910 1350  20.26 11.75 1523 2085 28.26
T® 4.69 649 859  11.23 1008 1225 1508 18.26
3)

Timom Moment 4.64 5.65 7.07 8.52 9.12 10.83 12.76  14.28
BM,_, tests 13.63 2296 4392 6445 2077 3125 5216 71.28
BM,_, 13.25  22.88 4413  64.29 2017 2945 5201 7178
Toicir 482 483 555 5.77 9.3 9.77 991  11.27
T, 972 1655 3513  57.72 1511 2388 4386 66.88

TMC—LR
-T, 8.15 13.88 27.05  47.38 13.85 19.9 3399 545
Tegs 1312 2095 3446 4592 20.14 2876 4361 5521
Tras 9.08 2055 4448 662 13.65 2519 5064 729
ZapD 1135 2114 4027 6181 18.64  28.97 493  69.57
Zepp 10.48  18.71 39.09  63.49 16.29  25.82 4847 70.85
w 1135 185 3558  55.63 17.62 2602 4371 63.92
w 12.83 2161 4131  62.23 1956 2939  50.69  70.05
Wee R 932 1200 1926  29.43 14.48 17.92 2443 3535
D "‘t’;zts'? 1107 1883 3048  63.03 1727 2621 4848 7127
T 12.99 2217 421 63.08 19.86  29.78 5124 7061
cs 11.44 1778 3299  51.68 1757 2512 4089 59.33
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Q 9.48 13.76  23.86 33.36 15.76 21.61 3117  41.26
Q—Q= 9.55 13.62 2401 32.67 15.68 21.09 31.05 41.05
BCMR 12.12 19.42  37.15 57.61 18.32 27.33 4576 65.68

B2 10.56 18.94 404 64.27 16.06 25.62 48.33 7143

Tgp 11.93 17.45  30.94 48.61 18.46 25.74 40.4 59.56

I, Other 12.51 2404 4794 71.22 20.61 32.76 5723 78.86

Rg; tests 12.72 2255 4349 66.39 20.04 31.37 54.73 75.8
Ts 9.77 17.19  40.69 65.32 15.3 24.68 51.84 75.21

Table A6. Simulated power for symmetric distributions

Distriput Tests Type of a.=0.05 o=0.1
ion thetest -0 n=p0 n=50 n=100 n=10 n=20 n=50 n=100
Student-t K-S 6.84 856 1048  14.54 12.84 1504  18.1 23.15
(8) AD* 806 1023 1493 2219 14 17.27 2298 3171
7. tEeEtz 848 1178 2014 3104 1395 1802 2637 3791
Z, 9.03 1234 1804  26.15 15.14 1966 26.42 35.86
P 817 1026 1507  22.58 1413 173 23.06  32.06
K2 9.89 1446 2224  33.69 16.15 21.86 3053 4357
JB 97 1496 2543  39.85 1647 2268 3381 4821
DH 946 1464 2441 3825 154 2116  33.3 48.34
RJB 974 1573 2634 4174 16.43 2346 3556  51.69
Tymom 908 1252 1833  26.88 1539 1932 2589  36.25
T 566 685 803  11.14 1083 1279 1402  17.28
@ 489 587 617 7.96 10.76  10.82 1224 1291
3)
Timom Momen 503 5.43 5.76 6.60 9.6 1026 11.25 11.9
BM,_, t 977 1497 2544 398 1658 22.62 3378  48.24
BM,_, tests 963 145 2478  39.44 16.01 20.89 33.07  48.01
Toicsir 468 481 528 48 924 992 1032 9.54
T, 715 1029 17.01  29.36 12.68 16,75 2503  38.95
TMC—LR
-T, 6.68 9.16 132  21.73 11.87 1463 1979  29.09
Teas 969 1358 19.96  26.52 16.05 2058 28.23  36.05
Tras 6.97 1344 2518  40.66 1147 17.88 309 48.62
ZapD 8.35 13 2185 3461 1468 2034 3002  43.94
Zepp 77 1162 202 3517 13.39 182 2815  43.89
w 825 1121 19.00 3055 13.98 1832 2659  39.34
w 938 1355 232 3652 1524 2101 3212  46.21
Wee R 698 794 911  11.63 11.65 13.04 1385  16.36
D andD 743 1136 206  34.92 1346 1811 285 44.48
r tests 95 1382 2384 3727 15.33 2131 3263 46.9
cs 829 1079 173  27.12 13.85 17.85 2439  34.86
Q 731 1009 1477  19.99 128 171 2163 2717
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Q-Q 736 915 1447 2027 1347 1629 2179  28.13
BCMR 879 1192 2016 323 1462 1946 2822  41.34
B2 787 1196 2151  36.3 1289  17.99 2913 4514
Tgp 883  10.68 1549  22.69 1485 17.78 2371  33.45
I, Other 903 153  27.43 4467 1646 2289 3697  55.94
Ry tests 9.09  14.00 234  38.03 1571 2191 3405  50.34
Ty 723 1061 2158 3833 1244 1701 3158  49.73
Table A7. Simulated power for symmetric distributions
- Type @ =0.05 0=0.1
D'St”?sg Tests ofyt%e
test n =10 n=20 n=50 n=100 n =10 n=20 n=50 n=100
Cauchy K-S 57.91 7421 99.27 100 6523  87.99  99.6 100
(0,7) AD* 61.25 7834 9965 100 68.08  90.98 99.81 100
Z, tEeEtE 583 7392 9934 100 634 8674 9953 100
Z, 61.14 7642  99.44 100 67.91  89.51  99.66 100
P, 6144 7855  99.65 100 68.38  91.14  99.82 100
K2 59.44 7558  99.27 100 6758  89.32 9961 100
B 59.29  76.46  99.55 100 67.14  89.99  99.72 100
DH 62.62 7835  99.6 100 69.27 905 99581 100
RJB 64.4 812  99.77 100 7152 9291  99.9 100
Tymom 64.36  80.98  99.8 100 7041 9229  99.86 100
T 2792  50.04 96.88  99.97 3594 7131 9785  99.99
T® 9.99 2592 81.05  98.48 17.32 4624 865  99.10
®3)
Timom Mom 4.92 132 5659  87.71 9.88 28.64 6593  91.98
BM,_, ent 59.32 7623 99.54 100 67.07  89.94 99.72 100
BM,_, tests 6135 7898 99.72 100 68.43  91.01  99.8 100
Twc-1r 1151 1425 3458  64.18 18.77 2958 47.66  74.83
T, 50.92 7339 99.81 100 57.35  89.2  99.84 100
TMC—LR
-T, 4252 6699 996 100 4769 8476 99.74 100
Teas 5899 7303 9833  99.99 65.89 8644  99.04 100
Thas 5116 8596  99.75 100 5445 8808  99.81 100
Zarp 60.93 8861 99.76 100 6847  91.87 99.84 100
Zepp 54.36  86.46  99.78 100 60.52  89.74  99.85 100
w 59.47  86.09  99.61 100 65.71  89.28  99.73 100
W 62.9 8871 99.71 100 69.7  91.83  99.79 100
Wi 5299 7817 9847  99.99 58.37 8151 98.94 100
D 59.24  87.93 99.74 100 65.92  90.92 99.85 100
r R 632  89.04 99.72 100 69.97 9202  99.8 100
cs at';‘it? 5045 854 9951 100 65.6 8855 99.67 100
Q 421 60.04 79.28  89.69 4965 6607 8314 9136
Q-Q+ 4183 5811 792  89.11 4929 6448 828  90.98
BCMR 60.95  87.03  99.62 100 67.08  90.26  99.74 100
2 55.68  86.61  99.76 100 61.65  89.55  99.82 100
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Tep Other  60.07 8622  99.66 100 66.77 89.76  99.76 100

I, tests 64.86 9095  99.83 100 72.65 0364  99.91 100

R 64.96 91.6 99.87 100 72.44 9401  99.93 100

Ts 51.67 86.27  99.84 100 58.35 89.88 99.9 100

Table B1. Simulated power for Asymmetric distributions
Type o =0.05 o =0.1
Distribution Tests of the

test n=10 n=20 n =50 n =100 n =10 n=20 n=50 n =100

K-S 135 2827  63.86 95.51 2312 4101  77.88 98.53
Beta (3,1) AD* 18.46  41.09 88.3 99.93 298 55.88  94.33 99.99

Z, tEeEtE 21.06 4892  96.38 100 3396 6673  98.95 100

Z, 2064 526 98.57 100 3233 6779 99.51 100

P 18.06  40.26  87.51 99.89 2949 5498  93.67 99.97

K2 1235 2126  51.98 97.29 2097 3533 795 99.8
JB 1335 2288 6162 98.56 23.99 4358 90.2 99.91

DH 1454 3463  88.79 99.91 2334 4908 9477 100
RIB 1102 17.31  39.49 88.06 1923 2082 6547 99.54
Tymom 1232 3983 9135 99.95 23.9 56.8 95.77 99.99
T 6.93 1899 5853 92.92 1279 3188 7163 96.59
@ 534 1151 3597 7201 1098 2085 5050  82.00

Timom

Mome 529 8.08 24.77 52.66 1042 1584  37.38 65.36

BM,_, nt 1347 2313 62.08 98.56 2398 4333  90.24 99.91
BM,_ tests 1484 3155  77.22 98.94 2711 5158 9179 99.89
. 1355 2388  41.97 736 2248 3484  53.86 82.06
T, 752 9.75 11.45 16.18 1358 1674  18.88 24.73

TMC—LR

-T, 4.28 6.56 22.8 54.65 8.56 12.82 34.21 65.81
Tsgs 15.49 30.66 74.57 97.86 24.01 44.62 86 99.4
Tras 1073 1292 1637 1868 19.67 23.06 2817  32.99
Zapp 15.37 36.47 85.93 99.78 25.98 51.92 92.95 99.95
Zgpp 947 1127 1142 12 1588 181 1793  18.93

w 207 48.9 95.74 100 33.1 65.1 98.51 100

w' 1804 4062 9116 100 28.85  56.06  96.45 100

Wee 2226 5437  97.28 100 3457 6922  98.88 100
D 9.33 1296 2117 3453 1641 2097 3152 46.31

r an';‘ o 1763 3018 9018 99.99 2809 5459 9574 100

cs tests 2072 4975  96.37 100 33.1 6597  98.71 100

Q 9.94 9.88 10.37 9.34 1635  17.74 1974 18.88

Q-Qx 2307 6279  99.65 100 3496 7682  99.88 100

BCMR 2047 4698  94.98 100 3218 6331  98.12 100
2 5.9 7.62 17.37 34.01 1208 1525 2758 49.02

Trp 1834 4148 87.6 99.78 3046  57.37  93.86 99.96

I, Other 1238 1849  29.37 45,57 2060 2765  40.49 58.05
Ry tests 7.78 9.13 8.29 8.21 1348 1429  14.07 14.34

Ts 1077 17.07  21.96 18.67 1891 2668  30.31 24.37
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Table B2. Simulated power for asymmetric distributions

Type o =0.05 0 =0.1
Distribution Tests of the
test n =10 n =20 n =50 n =100 n =10 n =20 n =50 n =100
K-S 1314 27.99 5822  88.99 2158  40.09 7116 94.40
(5)x? AD* 17.65 3861 8029  98.56 2692 51.04 8827 99.48
Z. tEeEtE 19.96 4427 8891  99.75 2022 5745 9491 99.94
Z 19.87 4632 9249  99.96 2993 5854 96.32 99.98
P, 17.39 3815 79.05  98.35 26.92 50.48  87.24 99.25
K2 16.76 3417 7047  96.87 25.05 4528 8291 99.35
JB 17.76 3604 753  98.34 27.65 5147  90.01 99.61
DH 156 3683 8568 9951 2344 4811  92.44 99.89
RIB 15.92 3196 6661 9513 2437 4375 8067 99.07
Tymom 1466 3756 842  99.29 2329 5047 90.76 99.78
T 763  17.97 4938  84.78 1320 2879 62.16 90.69
T® 534  10.82 2952  60.72 10.70 1892 4255 71.98
®3)
Timom Mom 5.2 825 2049  43.42 972 1538 3144 55.42
BM,_, ent 1792 3618 756  98.35 27.75 51.32  90.03 99.61
BM,_g tests 1867 3901 7921  97.98 28.67 5275 89.77 99.55
Thicorir 807 1379 2544 5001 1496 2291 36.87 62.02
T, 792 1287 174 2578 1348 2022 246 33.86
TMC—LR
—-T, 584 918 1943  40.86 1043 1474  28.49 51.48
Teas 18.62 42.96 8686  99.4 2978 574  93.95 99.81
Tias 1154 229 417 6175 16.9  27.85  47.77 68.06
Zapp 1519 37.08 828  99.18 2438 5012 902 99.76
Zepp 10.64 17.95 28.65  44.67 16.74 2528  36.87 51.99
w 19.45 444 8907  99.74 2898 567  94.43 99.92
w 19.04 414 8542  99.54 2819 5337 92.02 99.79
Wee 1821 428 8819  99.77 2723 5589 937 99.97
D 1323 247 475 7327 2027 3308 571 79.57
r R 1895  40.8 8471  99.47 278 527 9131 99.71
cs at’:itSD 1941 444 8943 998 2892 57.04 9462  99.93
0Q 1238 336 8709  99.8 21.09 49.02 93.84 99.98
Q-Qx 14.2 231 4174 57.72 221 3293 5212 68.69
BCMR 1949 437 8832 997 2002 564  94.01 99.91
2 6.89 969 1217  15.82 1258 1629  18.92 22.92
Tep 19.67 419 8371  98.92 2941 551  90.98 99.73
I, Other 15 313 5795 8213 2415 4066  67.11 87.58
Ry; tests 121 215 3444 5238 19.39 286  44.16 62.23
Ts 9.07 148 2183 3207 15.67 2357 31.25 423
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Table B3. Simulated power for asymmetric distributions

Type o,=0.05 o =0.1
Distribution Tests of the
test n=10 n =20 n =50 n =100 n=10 n =20 n =50 n =100
K-S 79 1217 2275 4139 1404 2061 3468 5579
(15)x2 AD* 875 1541 3282 612 1526 2453 4498 7183
7. tEe'zt'; 953  17.9 4134 7134 1605 2755 5369 8186
Z, 961 1843 4357 7581 1661 2803 5544 845
P 875 1519 3222  59.77 1524 2421 4419 7026
K? 989 1624 3359  59.45 16.02 2468 4512 7479
B 997 1694 3571 6454 1673 268 5051  79.13
DH 805 1469 3757  70.58 1427 2285 5038 8167
RIB 933 1546 3149  57.73 1541 2393 4396 7431
Timom 804 1555 3569  65.95 1417 2417 4733  76.68
T 624 872 185  35.98 11.08 1559 2824  48.26
@ 5.08 6.6 118 2172 10.42 1304 2038  32.22
®3)
Timom  Mome 5.4 6.09 917 1581 996 1151 1657 2446
BM,_, nt 1005 1698 3591 647 1687 2675 50.65  79.25
BM,_,  tests 1004 1747 3523  59.75 1689 2613 4942 754
Tuc—ir 547 7.06 984 1595 105 1347 1699  24.93
T, 6.12 8.01 9.19 109 1138 1425 1486 171
TMC—LR
-T, 507 6.44 825 1178 1007 1157 1421 1935
Toes 969 1941 4498 7654 1742 2984 593  86.14
Tieas 752 1159  19.03  26.48 1257 1666 2471  33.28
Zapp 835 1585 3641  67.56 1491 2492 4898  78.63
Zepp 7.35 998 1352  17.16 1281 162 2011 242
w 902 1797 4148  72.93 1592 2725 5347 8236
W 968 1745 389 695 1594 2597 5041  79.15
Wie 852 1627 3608  68.13 1432 2519 4833 7846
D 756 1151 1846  26.84 135 1804 2659 351
r R 978 1732 385  68.74 1592 2569 4949  78.33
cs atr(‘gtsD 91 1771 413 7339 1603 2716 5353 8243
Q 591 1094 2676  50.87 1133 1966 3951  64.75
Q-Q* 889 1243 2063  27.65 1564 2028 2946  37.99
BCMR 945 1796 4085 7211 1614 2729 5292 816
2 5.59 6.39 788 832 1063 1174 1419 1447
Tep 9.42 173 3783  66.28 1668 2719 4987 7711
I, Other 831 1449 2524 3824 1514 2177 3369  48.16
Ry tests 765 1091 1412  18.92 1349 1692 2217  27.97
Ty 6.23 829 1043  13.25 1138 1472 1793 206
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Table B4. Simulated power for asymmetric distributions

N Type a=0.05 0.=0.1
D'St“bu“g Tests ofyt%e
test n=10 n =20 n =50 n =100 n=10 n =20 n =50 n =100
Gamma(3,4 K-S 12,72 2367 5042 8174 2059 3492 6401  90.48
) AD* 155 3199 7107  96.38 2486 4434 8137  98.28
7. tEe'zt'; 1763  37.68 8199  99.09 2675 5016 90.05  99.81
Z, 17.81  39.81 8639  99.71 27.35 5159 9202  99.92
P 1538 3137 6998 95585 2477 4381 803  97.93
K2 15.8 30 62.93  93.98 2361 4058 76.87  98.48
JB 1651 3163 6805 9631 25.68 4596 8455  99.21
DH 142 3118 778 9856 2144 419 8673  99.62
RJB 1483 2775  60.16 9181 2253 391 7475  97.96
Tymom 1344 3094 7579  97.75 2173 4404 845  99.06
T 718 1505 4169  76.65 12.87 2446 5482  84.93
@ 5.21 945 2452 5217 10.63 17.09 36.6  63.99
®3)
Timom Mom 5.17 7.15 17.06  36.13 9.77 1356 2713  48.01
BM,_, ent 1664 3178 6846  96.35 25.87 4594 8463  99.23
BM,_ tests 1705 3364 7121 9546 26.7 46.88 8381  98.63
Twc—ir 740 1118 2094  40.35 1374 193 3132 5278
T, 775 1097 1543 2191 13.64 17.89 2229  29.62
TMC—LR
-T, 570 816 1618  33.09 1043 1329 2423  43.08
Togs 17.09 3743 8076  98.63 27.45 5164 90.06  99.65
Tigs 1121 1926 3591  54.38 16.16 2447 4238  61.03
Zarp 1401 3147 747  97.68 2253 4392 842 99.1
Zepn 1043 1524 243  37.49 1645 2219 3265 4561
w 1702 3756  81.89  99.05 26.42 4993 8941  99.78
w 1712 3545 7771 984 2578  47.03 8628  99.41
Wie 16.04 3535  79.87 99 2483 4797 8803  99.7
D 11.97 2073 405  63.11 1876 2876 5000  70.72
r R 1699 3499 7697  98.22 2552 4628 8563  99.32
cs atr(‘gtsD 1704 3731 8219  99.22 2637 4985 89.83  99.81
Q 1022 2694 7598  98.63 18.14 4156 86.98  99.63
Q-Qx 1333 2024 3602  52.08 209 2977 4687  63.32
BCMR 1742  37.06 8094  98.94 2636 4963 889  99.75
2 6.70 798 1135 1326 12.42 14 1764  20.89
Tep 1741 3579 7619  97.22 272 4866 8492 989
I, Other 13.85 266 5119 7459 2279 3607 6051 8182
Ry tests 1131 17.92 2924  43.69 17.87 2537 3882 5368
T; 831 1185 19.02 2757 15.00 19.88 2843  36.78
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Table B5. Simulated power for asymmetric distributions

Type 0,=0.05 o =0.1
Distribution Tests of the

test n=10 n =20 n =50 n =100 n=10 n =20 n =50 n =100

Weibull K-S 8.1 13.86 2656  48.11 15.01 2232 3834 6187
(15,3) AD* 9.57 1728  37.04  66.84 16.34 2716 49.16  76.42
7, E}Eg 1052 2037 4584 7551 173 3016 5741  84.42

Z, 10.83  21.03 4744  78.49 17.93 3091 5876  85.63

P 9.49 1711 3643 6544 16.34 2695 4834  75.05

K? 10.78 1998 389  67.54 16.86 28.62 5049 7938

B 10.89 2065 4158 7185 1813 3098 564  83.34

DH 8.97 17.44 4266  75.19 15.46  26.02 5533  84.89

RJB 10 19.03 3742  66.7 16.77 2779 50.83  80.04

Tymom 9.07 17.87  40.82  71.39 15.7 27 5205 8115

T 5.83 987 2167 4282 11.27 1728 31.82 5457

@ 4.87 734 1378  27.04 1068 1354 2246 375

Tiwom  mom 515 584 1069 1851 997 1164 1828 2825
BM,_, ent 1094 2072 4186 719 1823 3096 56,57  83.43
BM;_g tests  10.85 2094 4149  67.93 1827 29.67 5456  80.33
Twc—ir 5.74 7.85 107  17.63 10.84 1434 1869  27.23

T, 6.77 8.57 10.04  14.03 11.91 15.03 1622  21.23

iM;—LR 554 7.12 9.5 15.15 10.86 12.82 1583 2255

Togs 1156  22.09 4884  79.4 1819 3149 60.84  86.63

Tis 7.49 1343 2522 4021 1321 19.68 3295  48.75

Zapp 8.82 1813 4144  73.37 15.87 2811 5375 8241

Zepp 7.45 11 1527  22.95 12.84 1732 2258  31.06

w 1014 202 4618  77.35 1721 30.08 5756  85.03

w 10.5 20.38 4435 7507 17.25 2925 5577  83.22

Wie 9.23 174 3864 707 1581 2635 5012  79.8

D 7.97 1295 222 3524 13.76 2045 3047  44.77

r R 1054 203 4415 746 17.12 2917 55.06  82.56

cs at’;‘;t? 1014 1988 455  77.38 172 2988 57.14  84.83

Q 1011 1538 2458  34.03 16.71 2365 3444 4482

Q-Qx 6.72 1098 2712 46.09 12.81 19.22 3696  57.86

BCMR 1052 2034 4573  76.72 17.39 3031 5749  84.86

2 6.28 7.56 902 1097 11.39 1314 1488 179

Tep 10.43 1957 4218 7154 179 3008 5475 8125

I, Other  9.13 17.76 3101  48.86 16.84 2579 4034  59.14

Ry tests 821 1298 1855  27.01 1459  20.04 27.09  37.39

T; 6.83 874 1234 18091 1224 155 2027  27.96
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Type a=0.05 a=0.1
Distribution Tests of the
test n =10 n =20 n =50 n =100 n =10 n =20 n =50 n =100
Exponential K-S 29.2 59.84 9589  99.99 41.02 7194  98.48 99.99
(5) AD* 41.07 7747  99.71 100 53.22 8587  99.91 100
z, tEQ'?t': 4518 8364 99.98 100 5701 9144 9999 100
Z, 46.1 86.82  99.99 100 5849 9264  99.99 100
Ps 4048 7672  99.67 100 5305 8536  99.89 100
K? 3145 5952 9572  99.99 4233  71.82  99.18 100
JB 3424 6438  97.94 100 4889  81.05  99.79 100
DH 3506 7424  99.71 100 46.03 8279  99.92 100
RIB 30.12 5806 9352  99.99 4134 7023  98.04 100
Timom 31.76 7728  99.85 100 4598 86,59  99.96 100
T 1218 4306 9111 999 19.82 5692 9539  99.97
@ 647 2383 7017 9714 1252 3553  80.73 9858
T Mom 554 1448 5159  87.76 9.94 2418  64.06 92.79
BM,_, ent 3459 6466  98.01 100 48.7 80.75  99.79 100
BM,_, tests 3739 7277  99.22 100 52.27  84.05 99.8 100
Tyc-Lr 1969 3844 7073  95.89 3001 5098  79.87 97.7
T, 1269 2142 3708 5761 18.75 29.8 45.26 65.03
iM;—LR 784 2027 6335  94.24 1245 2873 735 96.78
Tegs 37.6 7513 99.59 100 52.75 8598  99.89 100
Thas 2134 4115 7189 9146 26,57 4666  77.02 93.91
Zapp 34.4 73.94 9957 100 4723 8335  99.88 100
Zgpp 1829 3143  56.16  80.09 2512 3958  63.82 84.59
w 448 8353  99.98 100 57.23 9091  99.99 100
w 4226 79.26 99.9 100 54.16 87.6 99.99 100
Wae 4476 8453  99.94 100 56.68  91.36 100 100
D 274 5255  88.34  99.06 36.6 61.98  92.03 99.49
r R 4179 7853  99.87 100 53.58  86.93  99.98 100
cs at’;‘it? 4482 8389  99.98 100 57.28  91.14  99.99 100
0 3991 8752  99.99 100 53.61  93.97 100 100
Q-Qx 2553 4159  68.85 8563 3451 5164 7774 92.07
BCMR 4453 8274  99.97 100 56.98  90.48  99.99 100
2 11.08 1597 2472 3574 17.48  23.09  32.44 43.94
Typ Other 4179 7756  99.54 100 5457 8651  99.85 100
I, tests  32.83  59.92 9091  99.38 4413  69.08  94.19 99.66
Ry 2423 4314 7085  90.39 3256 5152  77.88 93.52
Ts 1669  27.28  46.26 65.7 2611  39.18  57.18 73.82
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Table B7. Simulated power for asymmetric distributions

Distribut Type of o =0.05 0=0.1
ion Tests the test _ _ _ _ _ _ _ _
n =10 n =20 n =50 n =100 n =10 n =20 n =50 n =100
Lognorm K-S 4541 7901 9951 100 56.28  86.34  99.75 100
al (1,1) AD* 57.4  90.12  99.99 100 6758  93.95  99.99 100
z, tEezE 6126 92.69 100 100 712 9625 100 100
Z, 61.82  94.06 100 100 71.9 96.8 100 100
P 5712 8979  99.99 100 67.4 9368  99.99 100
K2 473 7967  99.63 100 5718  86.65  99.97 100
JB 50.2 83 99.85 100 63.99  92.3 100 100
DH 5232 8857 100 100 6155  93.02 100 100
RIB 4712 7883  99.45 100 5717 8632  99.9 100
Tymom 4923  89.95  99.99 100 6112  94.19 100 100
T 187 6247 9846 100 2815 7366  99.32 100
@ 849 3787 89.17  99.82 1546  49.94 9364  99.92
T Momen 547 2236 7424 9171 1045 3302 8282  98.92
BM,_, t 50.35 8315  99.85 100 63.8  92.23 100 100
BM,_ tess 5386  87.69  99.97 100 67.21  93.55 100 100
Twc—ir 243 4794 8272 989 3508 608 8959  99.54
T, 2152 4301 7707  95.23 2797 5025 8143  96.53
im;_m 145342.82 9048  99.69 19.77 5046 9353  99.82
Togs 5426  89.06 100 100 67.25  94.63 100 100
Tegs 3466 641 9352  99.67 3925 683 9533  99.85
Zapp 5117 8826  99.99 100 62.39  92.93 100 100
Zepp 3012 5451 8791  98.75 36.73 6113  90.99 99.1
w 60.83  92.84 100 100 7095  96.02 100 100
w 58.86  91.16 100 100 68.63  94.79 100 100
Wee 59.84  92.87 100 100 69.56  95.94 100 100
D 4464 7619 9853 100 5279 8173  99.18 100
r R 58.63  90.83 100 100 68.16  94.56 100 100
cs at’;‘;tg) 60.98  92.85 100 100 70.84  96.15 100 100
Q 5011  91.79 100 100 62.77  95.93 100 100
Q-Q+ 4063 6404 90.86  98.86 4947 7261 9422  99.48
BCMR 609  92.42 100 100 70.76  95.81 100 100
2 208 3723 6688  88.4 2824 4443 7241  91.28
Tep 5852 9022  99.98 100 69.16  94.34 100 100
I, Other 5034 8123  99.05 100 60.61 8625  99.5 100
Ry tests 4111  69.22 9478  99.79 4956 7465 9632  99.86
T; 2543 4724 8122  96.59 3548 5741 8654  97.68
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Table B8. Simulated power for asymmetric distributions

Distribut Type of . =0.05 0=0.1
ion Tests the test _ _ _ _ _ _ _ _
n =10 n =20 n =50 n =100 n =10 n=20 n=50 n =100
Gumbel K-S 115 2073 4267  72.65 19.07 3113 5556  82.06
(0,1) AD* 142 2696 5922  88.82 2213 3759 7017  93.25
Z, tEG'gt'; 15.47 3062 68.03  93.07 2325 4143 7756  96.17
Z 16.06 31.92 7031  94.44 2426 4253 7898  96.75
P 1407 2659 58.13  88.14 2213 3732 69.34 9257
K? 12.35 2758 58.89 884 2203 3768 69.88  94.19
JB 1335 28.94 6216  90.93 2382 4194 7609  96.11
DH 1454 26.81 6553 9345 19.89 3637 7619  96.57
RJB 11.02 26,78 56.83  87.76 2179 3739 69.88  94.6
Tymom 1232  26.86 63.07 9154 2038 3726 734 9504
T 693 1408 344  64.82 12.85 2301 4615  74.47
@ 534 957 2058 4126 11.05 1672 31.24  53.05
®3)
Timom Moment 529 732 1451 2861 942 1359 23.68  38.98
BM,_, tests 13.47 29.06 6241  90.97 2389 4192 7617  96.14
BM,_, 14.84 3042 627  89.15 2418 409  74.88  94.75
Twc—ir 1355 915 1487  27.62 1225 1647 2418  39.46
T, 752 114 1978  30.77 1315 181 2696 394
TMC—LR
-T, 428 924 1721 325 10.86  14.83 2495  41.81
Tegs 15.49 3293 7207  95.42 2487 4568 823  97.93
Tegs 10.73 1959 38.66  58.76 1477 2439 4469  64.64
Zapp 1271 2695 637  92.23 20.42 38 7416 9559
Zepp 97 1554 282 4505 1534 2239 3613  53.19
w 1507 308 6874  93.91 2334 4147 7761 965
w 15.63 3043 6647  92.96 2315 4059 7569  95.84
Wie 13.81 26.88 62.36 9142 2131 3748 7256  94.89
D 114  19.87 404  63.48 1785 27.38 49.08 7131
r R 1557 3029 6618  92.62 2295 403 75.03  95.68
cs at';gt? 1516 3031 6862  94.08 2329 4124 7749  96.42
Q 8.38 1645 4101  69.04 14.6 2742 5444  79.07
Q-Qx 13.06 211 3849 5419 2061 3048 4892 6534
BCMR 1552 3061 6821  93.71 2368 4171 7715 96.3
2 746  10.03 1655  24.24 12.66 1593 2348  31.77
Tep 157 3006 6475  91.36 2431 4164 7522  95.33
I, Other 1324 2544 5054  75.05 2151 3493 5901 8172
Ry tests 11.44 18.78 33.03  51.08 1831 2627 4254  61.36
T, 83 1193 2377 3816 1427 193 3259  48.16
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4 Discussion of the results

Since complete lists of the simulated power values of several
normality tests for the different sample sizes and significance
levels represent a prohibitive amount of data, only a sample of
these results, considered to be representative of the general trend
of results, is presented, Tables A1 — A7 present the power results
for Simulated power for Symmetric distributions, Tables B1-B8
present the power results for Simulated power for Asymmetric
distributions.

4.1 Symmetric distribution with &« = 0.05

With Laplace (3, 1) as alternative distribution, RJB and Ry,
tests had a power of 20.83%, 20.71% respectively at n = 10 to
support that it is the most powerful test under this condition. The

least powerful tests under the same condition are TL(,B;Bom and

Tyc—ir  With power of 4.99%, 4.77% respectively. With
increasing sample size (n) RJB and R, tests stay the most

powerful tests, with n = 100 RIB, Zgpp, Ty, In, Rsj, Ts had
power greater than or equal 90%); the & Tryrc—1ry @, Q—Qx,

Lmom
tests had power less than 50% at n = 100 or less and they had the
least powerful tests.

In the case of a Uniform (+, 1) as alternative distribution
theTygs, Wi, Ts tests had a power of 14.03%, 13.45%, 14.45%
respectively at n = 10 to support that it is the most powerful test
under this condition. With increasing sample size Z. , W, Ts
B2, tests the most powerful tests. With n = 100 about 23 tests

had power greater than or equal 90%; the RJB, I,, Q,
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R,; tests particularly proved to be very bad tests had power less
than 2% at n < 100 they had the least powerful tests.

With Beta (0.25, 0.25) as alternative distribution Z, |,
W ,Wge cs , Ts tests had a power more than 70% atn = 10 to
support that it is the most powerful test under this condition. With
n = 100 about 32 tests had power greater than or equal 95%; K2,
D, I, Ry; tests particularly proved to be very bad tests had power
less than 20 % at n < 100 they had the least powerful tests.

With Beta (1.5, 1.5) as alternative distribution Tjgs
Zgpp Wre Ts tests had a power about 8% or more than atn = 10
to support that it is the most powerful test under this condition. In
particular with increasing sample size the most powerful tests are
Z. Zy,K? Zgpp, Wge, D,BCMR when n = 100 the power for

these tests greater than 80%. The least powerful tests are JB, RJB,

2 3
T T BMs_y , Tyc-irr Tsas » In» Rsj had power less

than 20 % at n < 100.

For t(5) and t(8) as alternative distributions all tests were poor
in detecting non-normality; even at n = 100, where t =5 all tests
had power less than 70% except I,, had 71.22% and the least

powerful tests with power less than 12% are 7

Lmom
,Tf,i)omTMc_LR. Where t = 8 all tests were very poor in detecting

non-normality, the power of all tests less than 50% at n = 100.
With Cauchy (0, 7) as alternative distribution that is symmetric

and long-tailed which approximates the normal distribution with

undefined kurtosis value; all tests were very high power even at

n = 10 the power of all tests is more than 40 % except T

Lmom

7@ & . had power 27.92% ,%,9% , 492, 1151

'“Lmom~ Lmom

respectively. With increasing sample size the performance of all
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tests were very high and achieved 100% except Ty —_.r the least
powerful test with power 64.18% at n=100.

4.2 Symmetric distribution with @« = 0.1

As expected, the power of all tests increased at 10% level of
significance in contrast to these at the 5% level. This is because
we have a wider range of critical values for non-rejection of the
hypothesis of normality thus leading to a higher level of
confidence in the results from the tests.

Little variation was observed in the result at the 10% level. For
a Uniform (0, 1), n=100 the power of RJB test 74.18% while at
5% level 1.21%. For Beta(0.25,0.25), n=20 the power of JB test
75.11% while at 5% level 1.98.

For student t(5) as alternative distribution the K-S test was the
most powerful at n=20 while at the same sample size and 1% level
the most powerful test was RJB test.

4.3 A Symmetric distribution with & = 0.05

In the situation where the alternative distribution is Beta (3, 1),
the most powerful tests were Z. , Z,, W, Wk, cs, Q—Qx, BCMR
all of them achieved power more than 20% at n = 10.while at n=
20 and n=50 the most powerful test was Q—Q=. In particular with
increasing sample size at n =100 most of the tests achieved power
more than 95%, except for T,,, Zgpp , Tkes, Q. Rsj, T, the least
powerful test and the power of these tests were less than 20%.

With y?(df-5) distribution as alternative distribution, the
most powerful tests in all sample size were Z,. , Z, , Tsgs, W, W'
, Wxe .the least powerful tests were at n= 100 c (25.78) , ¢ (40.86)

T3 (43.42) , T; (32.07).

' “Lmom
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With x?(df-15) distribution as alternative distribution, the
performance of all tests is less than when y?(df-5) distribution as
alternative distribution, the most and the least powerful tests in all
sample size were the same when y?2(df-5) but with power less.

Regarding to Gamma (3, 4) as alternative distribution, the
performance of all tests most of the tests achieved power more

than 80% at n= 100, except for T, TL(,";Bom, B3 the least powerful
tests and the power of these tests were about 20% at n =100.

A weibull (15, 3) distribution also showed RJB as the most
powerful for sample sizes of T in all sample size , while the
least powerful tests were Ty, Tyc—rr» Tmc—rr — Tw, B2 With
power about 15% at n =100.

Regarding to Exponential (5) as alternative distribution, the
performance of all tests most of the tests achieved power more
than 90% at n= 100, except for B2 the least powerful tests and
the power of these test were less than 40% at n =100

In the situation were the alternative distribution is log-normal
(1, 1), proved to be one that was easily identified as being non
normal by most of the tests. All tests achieved adequate power
even small sample size. The power of all tests an n= 100 more
than 95% expect B2 the power of this test under the same
condition 91.28% which is the least powerful test.

A Gumbel (0, 1) distribution also showed Z, and T, as the

most powerful tests for all sample sizes, while the least powerful
tests were T,,,, Tyc—1r» Tmc—1r — Tw, B2 With power about 25%
at n =100.

4.4 A Symmetric distribution with ¢ = 0.1
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As expected, the power of all tests increased at 10% level of
significance in contrast to these at the 5% level. This is because
we have a wider range of critical values for non-rejection of the
hypothesis of normality thus leading to a higher level of
confidence in the results from the tests.

5 Conclusion

A comprehensive power comparison of existing tests for

normality has been performed in the presented study.Given
the importance of this subject and the wide spread
development of normality tests,comprehensive descriptions
and power comparison s of such tests are of considerable
interest.
Since recent comparison studies do not include several
interesting and more recently developed tests, a further
comparison of normality tests, which presented herein, is
considered to be of foremost interest.

This study addresses the performance of 36 normality
tests, for various sample sizes n, considering several
significance levels a and for a number of symmetric,
asymmetric distributions.

General recommendations stemming from the analysis
of the power of the selected tests indicate the best choices for
normality testing are Z, Z,,Zgpp,Wpge,and T, for
Symmetric short - tailed distributions, Z, Z, , RJB, W', r and
I,, Symmetric long - tailed distributions, Z, Z,4,CS, and I,
for Asymmetric short — tailed distributions, and Z, Z,,w, Q
and BCMR Asymmetric long — tailed distributions .
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